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Abstract. We discuss a certain class of absolutely irreducible group repre- 
sentations that behave nicely under the restriction to normal subgroups and 
subalgebras. Interrelations with doubly transitive permutation groups and 
hyperelliptic jacobians are discussed. 



1. Introduction 

We start this paper with the following natural definition. 

Definition 1.1. Let V be a vector space over a field k, let G be a group and 
p : G — > Autfc(V) a linear representation of G in V. Suppose R C Endfe(V) is an 
fc-subalgebra containing the identity operator Id. We say that R is normal if 

p(s)Rp(s)- 1 CR Vs G G. 

Examples 1.2. Clearly, Endfc(V~) is normal. The algebra k ■ Id of scalars is also 
normal. If H is a normal subgroup of G then the image of the group algebra k[H] 
in Endfc(V) is normal. 

The following assertion is a straightforward generalization of well-known Clif- 
ford's theorem Q]; §49]; [E2 §8.1]; Ch. 6]. 

Lemma 1.3 (Lemma 7.4 of |15|L Let G be a group, k a field, V a non-zero k-vector 
space of finite dimension n and 

p : G Aut k (V) 

an irreducible representation. Let R C Endi"(P r ) be a normal subalgebra. 
Then: 

(i) The faithful R-module V is semisimple. 

(ii) Either the R-module V is isotypic or there exists a subgroup G' C G of 
index r dividing n and a G' -module V of finite k-dimension n/r such that 
r > 1 and the G -module V is induced from V . 

The following notion was introduced by the author in ^K] (see also ^H]); it proved 
to be useful for the construction of abelian varieties with small endomorphism rings 

PIE]. 

Definition 1.4. Let V be a non-zero finite-dimensional vector space over a field 
k, let G be a group and p : G — > Autjt(V) a linear representation of G in V. We 
say that the G-module V is very simple if it enjoys the following property: 

If R C Endfe(V) is a normal subalgebra then either R = k ■ Id or R = End/^V). 
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Here is (obviously) an equivalent definition: if R C Endfc(V^) is a normal subal- 
gebra then either dimk(R) = 1 or dinife(i?) = (dinifc(V r )) 2 . 

In this paper we prove that very simple representations over an algebraically 
closed field are exactly those absolutely irreducible representations that are not 
induced from a representation of a proper subgroup and do not split non-trivially 
into a tensor product of projective representations. This assertion remains valid for 
representations of perfect groups over finite fields. We also give a certain criterion 
that works for any ground field with trivial Brauer group. 

The paper is organized as follows. In f|21we list basic properties of very simple 
representations. In 321 we discuss certain natural constructions of representations 
that are not very simple. The Section 01 contains the statement of main results 
about very simple representations and their proof. In the Sectional we discuss in- 
terrelations between very simple representations and doubly transitive permutation 
groups. The last section contains applications to hypcrelliptic jacobians. 

Acknowledgements. This paper germinated during author's short stay in 
Manchester in August of 2002. The author would like to thank UMIST Department 
of Mathematics for its hospitality. My special thanks go to Professor A. V. Borovik 
for helpful encouraging discussions. 

2. Very simple representations 

Remarks 2.1. (i) Clearly, if dimfc(y) = 1 then the G-module V is very sim- 
ple. In other words, every one-dimensional representation is very simple. 

(ii) Clearly, the G-module V is very simple if and only if the corresponding 
p(G)-module V is very simple. 

(iii) Clearly, if V is very simple then the corresponding algebra homomorphism 

k[G] -> End fe (F) 

is surjective. Here k[G] stands for the group algebra of G. In particular, a 
very simple module is absolutely simple. 

(iv) If G' is a subgroup of G and the G'-module V is very simple then the 
G-module V is also very simple. 

(v) Suppose W is a one-dimensional fc-vector space and 

k : G -> k* = Aut fc (W) 

is a one-dimensional representation of G. Then the G-module V <8)fc W is 
very simple if and only if the G-module V is very simple. Indeed, there are 
the canonical k- algebra isomorphisms 

End fe (V) = End fc (V) ® fc k = End k (V) ® fc End* (WO £* End k (V ® k W), 

which are isomorphisms of the corresponding G-modules. 

(vi) Let G 1 be a normal subgroup of G. If V is a very simple G-module then 
either p(G') C Aut k (V) consists of scalars (i.e., lies in k ■ Id) or the G'- 
module V is absolutely simple. Indeed, let R' C Endfc(V^) be the image of 
the natural homomorphism k[G'} — > End k (V). Clearly, R' is normal. Hence 
either R' consists of scalars and therefore p(G') C R' consists of scalars or 
R' = Endfc(V) and therefore the G'-module V is absolutely simple. 

As an immediate corollary, we get the following assertion: if dimk(V) > 
1, the G-module V is faithful very simple and G' is a non-central normal 
subgroup of G then the G'-module V is absolutely simple; in particular, 
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G' is nan-abelian. In addition, if k = F 2 then the only abelian normal 
subgroup of G is the trivial (one-element) subgroup, 
(vii) Suppose F is a discrete valuation field with valuation ring Of, maximal 
ideal tuf and residue field k = Of/ttif- Suppose Vf is a finite-dimensional 
-F-vector space and 

p F :G -> Aut F (V>) 

is a F-linear representation of G. Suppose T is a G-stable Of -lattice in Vf 
and the corresponding fc[G]-module T/mpT is isomorphic to V. Assume 
that the G-module V is very simple. Then the G-module Vf is also very 
simple. In other words, a lifting of a very simple module is also very simple. 
(See PS], Remark 5.2(v).) 

Example 2.2. Suppose k = F 2 , dim fc (V) = 2, G = Aut fe (V) = GL 2 (F 2 ). Then the 
faithful absolutely simple G-module V is not very simple. Indeed, G is isomorphic 
to the symmetric group and therefore contains a non-central abelian normal 
subgroup isomorphic to the alternating group A3. By Remark I2.1f vi). the G- 
module V is not very simple. 

Applying Remarks l2.1f ii) and 12. If fy), we conclude that all two-dimensional rep- 
resentations over F 2 of any group are not very simple. 

Example 2.3. Suppose V is a finite-dimensional vector space over a finite field k 
of characteristic £ and G is a perfect subgroup of Aut(V) enjoying the following 
properties: 

(i) If Z is the center of G then the quotient T := G/Z is a simple non-abelian 
group. 

(ii) Every nontrivial projective representation of T in characteristic I has di- 
mension > diirife(V). 

Then the G-module V is very simple. See Cor. 5.4 in |18j . 

3. Counterexamples 

Throughout this section, k is a field, V a non-zero finite-dimensional fc-vector 
space and p : G — > Autfc(V) is a linear representation of G in V. 

Example 3.1. (i) Assume that there exist fc[G] -modules V\ and V 2 such that 
dimfc(Vi) > 1, dimfc(V 2 ) > 1 and the G-module V is isomorphic to V\ ®k V 2 . 
Then V is not very simple. Indeed, the subalgebra 

R = End fe (Fi) 9 Id V2 C End fc (Vi) ® fe End k (V 2 ) = End fe (Vi ® k V 2 ) = End k {V) 

is normal but coincides neither with k ■ Id nor with Endfc(V^). (Here Idy 2 
stands for the identity operator in V 2 .) Clearly, the centralizer of R in 
Endfe(F) coincides with Idyi ® Endfe(14) an d is also normal. (Here Idv a 
stands for the identity operator in Vf.) 
(ii) Let X -» G be a surjective group homomorphism. Assume that there exist 
fc[A]-modules V\ and V2 such that dimfe(Vi) > 1, dimA(V^) > 1 and V", 
viewed as A-module, is isomorphic to V\ <£>k V%. Then the A-module V 
is not very simple. Since X and G have the same image in Autfe(V), the 
G-module V is also not very simple. 
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Definition 3.2. Let V be a vector space over a field k, let G be a group and 
p : G — > Autfc(V) a linear representation of G in V. Let 

l^C^X^G^l 

be a central extension of G, i.e., C is a central subgroup of G which coincides with 
the kernel of surjective homomorphism n : X —> G. Suppose that the representation 

X ^»G-^ Autfc(V) 

of X is isomorphic to a tensor product p\®p 2 : X — > Autfc(Vi ®k V 2 ) of two fc-lincar 
representations 

Pl :X^ Autfc(Vi), p 2 : X ^ Aut k (V 2 ) 

with 

dim*(Vi) > 1, dim k {V 2 ) > 1. 

Then we say that the G- module splits and call the triple (X -» G;pi,p 2 ) a 
splitting of the G- module V. 

We say that V splits projectively if both images pi(C) C Autfc(Vi) and p%{C) C 
Autfc(^2) consist of scalars. In other words, one may view both p\ and p 2 as 

projective representations of G. In this case we call (A" -» G;pi,p 2 ) a projective 
splitting of the G-module y. 

7T 

We call a splitting (A -» G;pi,p 2 ) absolutely simple if both pi and P2 are 
absolutely irreducible representations of A. 

Remarks 3.3. We keep the notations of Definition 13. 21 

(i) Clearly, 

End x (Vi) ® fe End x (V 2 ) C End x (Vi ® k V 2 ) = End x (V r ) = End G (I/). 

This implies that if End G (V) = k then Endxl^i) = k and Endjf(T^) = k. 

(ii) Suppose W is a proper A-invariant subspace in V± (resp. in V 2 ). Then 
W ®k V2 (resp. Vi ®fe W) is a proper A-invariant subspace in V\ ®kV 2 = V 
and therefore the corresponding A-module V is not simple. This implies 
that the G-module V is also not simple. 

(iii) Suppose that the G-module V is absolutely simple and splits. It follows 
from (i) and (ii) that both p\ and p 2 are also absolutely simple. In other 
words, every splitting of an absolutely simple module is absolutely simple. 

Now the centrality of G combined with the absolute irreducibility of 
pi and p 2 implies, thanks to Schur's Lemma, that both images pi(C) C 
Autfc(Vi) and p 2 {C) C Aut^(V2) consist of scalars. In other words, every 
splitting of an absolutely simple G-module is projective. 

(iv) Suppose G is a finite perfect group. We write 7 : G -» G for the universal 
central extension of G |141 Ch. 2, §9] also known as the representation 
group or the primitive central extension of G. It is known |14l Ch. 2, Th. 
9.18] that G is also a finite perfect group and for each central extension 
A ^> G there exists a surjective homomorphism cp : G -» [A, A] to the 
derived subgroup [A, A] of A such that the composition 

G -t [A, A] c A 4» G 

coincides with 7 : G -» G. This implies that while checking whether the G- 
module V admits a projective absolutely simple splitting, one may always 
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restrict oneself to the case of X = G and 7r = 7, and deal exclusively with 
absolutely irreducible linear representations of G over fc. 
(v) We refer the reader to ^2] f° r a study of projective representations of 
arbitrary finite groups over not necessarily algebraically closed fields. 

Example 3.4. Assume that there exists a subgroup G' in G of finite index m > 1 
and a G'-module W such that the fc[G]-module V is induced from the fc[G']-module 
W. Then V is not very simple. Indeed, one may view W as a G'-submodulc 
of V such that V coincides with the direct sum ®rjeG/G l<J W and G permutes all 
crW's. We write Pr^ : V -» oW C V" for the corresponding projection maps. Then 
R = ©o-eG/G'^ ' P r o- i s the algebra of all operators sending each aW into itself and 
acting on each aW as scalars. Clearly, R is normal but coincides neither with fc • Id 
nor with Endk(V). 

Notice that if the G'-module V is trivial (i.e., s(w) — w for all s € G', «; € W) 
then the G-module V" is not simple. Indeed, for any non-zero w £ W the vector 

v= CT M e ©<reG/G'0W = V 

crSG/G' 

is a non-zero G-invariant element of V. Since dimk(V) > m > 1, the G-module V 
is not simple. 

Clearly, if G' = {1} is the trivial subgroup of G then every G' -module is trivial. 
This implies that if the conditions of Lemma 11.31 hold true then (in the notations 
of ll.3fl either the i?-module V is isotypic or the G-module V is induced from a 
representation of a proper subgroup of finite index. 

Remark 3.5. Suppose fc'/fc is a finite algebraic extension of fields. We write 
Aut(fc'/fc) for the group of fc-linear automorphisms of the field k'. It is well-known 
that Aut(fc'/fc) is finite and its order divides the degree [k' : k]; the equality holds 
if and only if fc'/fc is Galois. 

Suppose there exists a homomorphism x '■ G — > Aut(fc'/fc) enjoying the following 
property: 

There exists a structure of fc'-vector space on V such that 

p{s)(av) = (x{s)(a))v Vs G G, a G k' , v G V. 

We claim that if the G-module V is absolutely simple then k'/k is Galois and x is 
surjective. Indeed, let us consider the image x(G) C Aut(fc'/fc). We write ko for 
the subfield of x(G)-invariants in k' . We have 

k C fco C k'\ 

the degree [k' : ko] coincides with the order of x(G) and therefore divides the order 
of Aut(fc'/fc). Clearly, G acts on V by fco-hnear automorphisms, i.e., fco commutes 
with the action of G on V. Now the absolute irreducibility of V implies that fco = fc. 
This implies that [fco : fc] = 1. Since [fc' : fc] = [fc' : fco] [fco : k], we conclude that 
[fc' : fc] = [fc' : fco] coincides with the order of x(G) and therefore divides the order 
of Aut(fc'/fc). This implies that [fc' : fc] coincides with the order of Aut(fc'/fc) and 
therefore k'/k is Galois. Since [fc' : fc] coincides with the order of x(G), the order 
of the group Aut(fc'/fc) must coincide with the order of its subgroup x(G) and 
therefore y(G) = Aut(fc'/fc), i.e., x is surjective. 
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Definition 3.6. We say that the G-module V admits a twisted multiplication if 
there exist a nontrivial Galois extension k' of k and a surjective homomorphism 
X ■ G — > Gal(fc'/fc) enjoying the following property: 

There exists a structure of /c'-vector space on V such that 

p(s)(av) = (x(s)(a))v VseG,o£ k',v e V. 

(Here Gal(k'/k) stands for the Galois group of k'/k.) In other words, G acts on V 
by fc'-semi-linear automorphisms. 

Example 3.7. Let us assume that V admits a twisted multiplication. Then the 
degree [k' : k] divides dimfc(V) and therefore dimfc(V) > 1. Then the G-module V 
is not very simple. Indeed, k' is obviously normal but does coincide neither with 
k ■ Id nor with Endfc(T^), since k' ^ k and Endfc(V) is noncommutative. 

Remark 3.8. Let us assume that either k is algebraically closed or G is perfect 
and k is finite. Then V never admits a twisted multiplication, because either every 
algebraic extension k'/k is trivial or G is perfect and every Galois group Gal(fc'/fc) is 
abelian. In the latter case every homomorphism from perfect G to abelian Gal(fc'/fc) 
must be trivial. 

4. Main Theorem 

Theorem 4.1. Suppose the Brauer group of a field k is trivial (e.g., k is either 
finite or algebraically closed). Suppose V is a non-zero finite- dimensional k-vector 
space and 

p:G^ Autfc(V) 

is a linear representation of a group G over k. Then the G-module V is very simple 
if and only if all the following conditions hold: 

(i) The G-module V is absolutely simple; 

(ii) The G-module V does not admit a projective absolutely simple splitting; 

(iii) The G-module V is not induced from a representation of a proper subgroup 
of finite index in G; 

(iv) The G-module V does not admit a twisted multiplication. 

Corollary 4.2. Let us assume that either k is algebraically closed or G is perfect 
and k is finite. Suppose V is a non-zero finite- dimensional k-vector space and 

p:G^ Aut k (V) 

is a linear representation of a group G over k. Then the G-module V is very simple 
if and only if all the following conditions hold: 

(i) The G-module V is absolutely simple; 

(ii) The G-module V does not admit a projective absolutely simple splitting; 

(iii) The G-module V is not induced from a representation of a proper subgroup 
of finite index in G. 

Proof of Corollary \4-S\ Indeed, the Brauer group of k is trivial. Now the proof 
follows readily from Theorem 14. II combined with Remark 13.81 

□ 

Taking into account that every projective representation over F2 is, in fact, 
linear, we obtain the following assertion. 
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Corollary 4.3. Suppose V is a non-zero finite- dimensional vector space over F2 
and 

p:G^ Aut F2 (V) 

is a linear representation of a group G over F2. Then the G-module V is very 
simple if and only if all the following conditions hold: 

(i) The G-module V is absolutely simple; 

(ii) The G-module V does not split into a tensor product 

V = Vi ®f 2 v 
of two absolutely simple G-modules Vi and V2 with 
dim F2 (Vi) > 1, dim F2 (V2) > 1; 

(iii) The G-module V is not induced from a representation of a proper subgroup 
of finite index in G. 

Proof of Theorem \4-l\ It follows from results of fJ3that every very simple represen- 
tation enjoys all the properties (i)-(iv). Now suppose that an absolutely irreducible 
representation 

p:G^Aut k (V) 

enjoys the properties (ii)-(iv). It follows from Remark l3.3f iii'l that the G-module 
V does not split. 

Let R C Endfc(T^) be a normal subalgebra. Since the G-module V is not induced, 
it follows from Lemma 11.31 and Example 13.41 that the faithful i?-submodule V is 
isotypic. This means that there exist a simple i?-module W, a positive integer d 
and an isomorphism 

ip :V = W d 

of i?-modules. The following arguments are inspired by another result of Clifford 
[U, Satz 17.5 on p. 567]. 
Let us put 

V\ =W, V 2 = k d . 
The isomorphism ip gives rise to the isomorphism of A;- vector spaces 

V = W d = W ® k k d = Vi ® k V 2 . 

We have 

d-dim k (W) =dim fe (V) 

Clearly, Endn(V) is isomorphic to the matrix algebra Mat £ ;(End_R(H / )) of size d 
over Endfl(W). 
Let us put 

k' = End R (W). 

Since W is simple, k' is a finite-dimensional division algebra over k. Since the 
Brauer group of k is trivial, k' must be a field. Clearly, kl is a finite algebraic 
extension of k. 
We have 

End fc (F) D End R (V) = Mat^fc') D k'. 

In particular, 

k C k' C Endfc(V). 
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Clearly, Endn(V) C Endk(V) is stable under the adjoint action of G. This 
induces a homomorphism 

a : G -» Aut fe (End fl (F)) = Aut fe (Mat (i (fc')), = p(s)up( s ) -1 Vs £ G, u £ End fl 

Since fc' is the center of Matd(fc'), it is stable under the conjugate action of G. 
Thus we get a homomorphism x '■ G — ► Aut(fc'/fc) such that 

x(s)(a) = a(s)(a) = p(s)ap(sy 1 Vs £ G, a £ k'. 

I claim that the absolute irreducibility of V implies that fe'/fc is Galois and \ is 
surjective. Indeed, the inclusion k' C Endfe(V r ) provides V with a natural structure 
of fc'-vector space and it is clear that 

p(s)(av) = (x(s)(a))v Vs £ G,a £ k',v £ V". 

It follows from Remark 13.51 that k' jk is Galois and \ '■ G — ► Aut(fc'/fc) = Gal(fc'/fc) 
is surjective. Since V does not admit a twisted multiplication, k' = k. 
This implies that Endfl(V) — Matd(fc) and one may rewrite a as 

a:G-> Autfc(Matd(fe)) = Aut(End fe (V 2 )) = Aut k (V 2 )/k* = PGL(V 2 ). 

It follows from the Jacobson density theorem that R — End J t(VT) = Endfc(Vi). 
The adjoint action of G on R gives rise to a homomorphism 

(3 : G -> Aut fe (End fe (W)) = Aut fe (End fe (^)) = Aut fc (Vi)/fc* = PGL(Vi). 

Notice that 

iZ = End fe (yi) = End fe (Fi) ® Id Va C End fe (Fi) ® k End fc (l/ 2 ) = End fe (l/). 

Clearly, there exists a central extension it : X ^> G such that one may lift 
projective representations a and (3 to linear representations 

p 2 : X -» Aut fc (V 2 ), ft : X -» Aut fc (Ki). 
respectively. For instance, one may take as A the subgroup of G x Autfc(Vi) x 
Autfc(V2) which consists of all triples (g,ui,u 2 ) such that a(g) coincides with the 
image of u 2 in Autfc(V 2 )/fc* and (3(g) coincides with the image of u\ in Autfc(Vi)/fc*. 
In this case the homomorphisms 7T, pi, p' 2 are just the corresponding projection maps 

(g,U!,u 2 ) g; (g,u 1 ,u 2 ) h-> m; Ui, u 2 ) i-> w 2 . 

Now I am going to check that the tensor product p\ ® p' 2 coincides with the com- 
position 

pn : X -» G -> Aut fc (y) 
up to a twist by a linear character of X. 

In order to do that, notice that if x G X and g = 7r(x) £ G then the conjugation 
by p(g) in End)t(y) = End fc (Vi <S>k V 2 ) leaves stable R = Endfc(Vi) ® Idy 2 and 
coincides on i? with the conjugation by p\(x) ®Idv 2 (by the definition of (3 and p\). 
Since the centralizer of Endfc(Vi) ® Idy 2 in 

End fc (^) = End fc (yi) ® fc End fc (V/ 2 ) 

coincides with Id^ ® Endfc(V 2 ), there exists u £ Autfc(V 2 ) such that 

p{g) = pi(x) ® u. 
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Since the conjugation by p(g) leaves stable the centralizer of R, i.e. Id^ <E>Endk(V 2 ) 
and coincides on it with the conjugation by Idy x ® p' 2 (x) (by the definition of a and 
p' 2 ), there exists a non-zero constant A = X(x) e k* such that u = \p' 2 (x). This 
implies that for each x e X there exists a non-zero constant A = X(x) such that 

pir(x) = p(g) = pi(x) ® u = A ■ pi(x) ® p' 2 (x). 

Since both 

pir :X ^ Autfe(y), pi <8> p' 2 : X -> Aut fe (V), 
are group homomorphisms, one may easily check that the map 

X^fc*, a;^A = A(x) 
is a group homomorphism (linear character). Let us define p 2 as the twist 

p 2 : X ^ Aut k (V), p 2 (x) = X(x) ■ p' 2 (x) Viel. 
Clearly, p 2 is a linear representation of X and 

pn = pi ® p 2 • 

Since the G-module V does not split, either dinifc(Vi) = 1 or dim^V^) = 1. 
If dimfc(Vi) = 1 then R = Endfc(VK) = Endfe(Vi) = k consists of scalars. If 
dim k (V 2 ) = 1 then d = dim k (V 2 ) = 1, i.e., V — W and R = End fc (VF) = 
Endfe(V). □ 

5. Doubly transitive permutation groups 

Let B be a finite set consisting of n > 3 elements. We write Perm(i?) for 
the group of all permutations of B. A choice of ordering on B gives rise to an 
isomorphism 

Perm(B) = S„. 

Let G be a subgroup of Perm(_B). For each b e B we write Gb for the stabilizer of 
b in G; it is a subgroup of G. 

Let k be a field. We write k B for the n-dimensional fe-vector space of maps 
h : B — > k. The space k B is provided with a natural action of Perm(£?) defined as 
follows. Each s £ Perm(B) sends a map h : B — > F into sh : b ^ h(s^ 1 (b)). The 
permutation module fc s contains the Perm(i3)-stable hyperplane 

{k B f = {h:B^k \ J2Hb) = 0} 

beB 

and the Perm(_B)-invariant line k ■ 1b where Is is the constant function 1. The 
quotient k B /(k B ) a is a trivial 1-dimensional Perm(B)-module. 

Clearly, (k B )° contains k ■ 1b if and only if char(fc) divides n. If this is not the 
case then there is a Perm(_B)-invariant splitting 

k B - {k B f®k-l B . 

Clearly, k B and (F s )° carry natural structures of G-modules. 

Now, let us consider the case of k = F 2 . If n is even then let us define the 
G-module 

Q B := (Ff)°/(F 2 .1 B ). 

If n is odd then let us put 

Qb := (Ff )°. 
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Remark 5.1. Clearly, dimF 2 (Q_B) = n — 1 if n is odd and dimF 2 (Qs) = n — 2 if n 
is even. In both cases dimF 2 (Qs) > 2. One may easily check that Qb is a faithful 
G-module if n ^ 4. 

The G-module Qb is called the heart over the field F2 of the group G acting on 
the set B JI] . The aim of this section is to find out when the G-module Qb is very 
simple. It follows from Example 12 . 21 that if Qb is very simple then dimF 2 (Q_B) > 2 
and therefore n > 5. 

Remark 5.2. Assume that n is odd. Then one may easily check that EndG(Qs) = 
F2 if and only if G is doubly transitive. This implies that if n is odd and the G- 
module Qb is absolutely simple then G is doubly transitive. This implies that if n 
is odd and the G-module Qb is very simple then G is doubly transitive. 

Remark 5.3. Let us assume that n > 5 is even, the G-module Qb is absolutely 
simple but G is not transitive. Let us present B as a disjoint union of two non-empty 
G-invariant subsets B\ and B 2 . Suppose each Bi contains, at least, 2 elements. 
Without loss of generality we may assume that #(i?2) > #(Bi) and therefore 
#(B 2 ) > 3. 

There is an embedding of G-modules 

k : Ff 1 <-> (Ff) , h i-> n{h) 

defined as follows. 

K (h)(h) = h(h) Vfei G Si; n{h)(b 2 ) = h (b) V6 2 e B 2 . 

beB t 

Suppose Is € ^(F^ 1 ). Then both B\ and B 2 consist of odd number of elements 
and therefore 

#(Bi)>3, #(B 2 )>3. 

Clearly, 

2 < #{Bi) - 1 = dimp.MFf 1 )) = n - #(S 2 ) - 1 < n - 4 < dim F2 (Q B ). 

Therefore the G-module Qb is not simple. Contradiction. 
Now suppose lg does not lie in ^(F^ 1 ). Then 

1 < = dimp^sCFf 1 )) = = n - #(B 2 ) < n - 3 < dim F2 (Q s ). 

Therefore the G-module Qb is not simple. Contradiction. 
This implies that either B\ or B 2 is a singleton. 

We conclude that if n is even, the G-module Qb is simple but G is not transitive 
then B is the disjoint union of two G orbits of cardinality n — 1 and 1 respectively. 
In other words, there exists b € B such that G = G& and the action of G on J5 \ {6} 
is transitive. Notice that if we denote B \ b by B' then the G-modules Qb and Qs' 
are isomorphic 17:, Remark 2.5 on p. 95] (see also ^3 Hilffsatz 3b]). Applying 
Remark 15.21 to B', we conclude that the action of G on B' is doubly transitive. 

Remark 5.4. Suppose n = 2m is even, G is transitive but not doubly transitive. 
Assume also the G-module Qb is very simple. Then n > 5 and Qb is absolutely 
simple. According to ^01 Satz 11], this implies that m is odd and there exists a 
subgroup H C G of index 2 such that B can be presented as a disjoint union of two 
iJ-invariant subsets B\ and £?2 of cardinality m. 
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Since n > 5, we conclude that m > 3. There is an embedding of ff -modules 
k : Ff 1 ^ (Ff )°, h^n(h) 

defined as follows. 

/s(/t)(6i) = /i(6i) V6i€fli; «(fc)(&2) = £ M&) Vb2 e B ^ 

Clearly, 1 B e ^(Ff 1 ). We have 

2 < m - 1 = dim F2 (K(Ff 1 )) = m- l<2m-2 = n- 2 = dim P2 (Q B ). 

Therefore the .ff -module Qb is not simple. Since H is obviously normal in G and 
the G- module Qb is very simple, we conclude that H acts on Qb via scalars. Since 
FJ = {1}) H acts on trivially. But this contradicts to the faithfulness of the 
G-module Qb- 

We conclude that if n > 5 is even, G is transitive and the G-module Qb is very 
simple then G must be doubly transitive. 

To summarize, we arrive to the following conclusion. 

Theorem 5.5. Suppose that n > 3 is an integer, B is an n-element set, G C 
Perm(_B) is a permutation group. Suppose that the G-module Qb is very simple. 
Then n > 5 and one of the following two conditions holds: 

(i) G acts doubly transitively on B; 

(ii) n is even, there exists a G-invariant element b 6 B and G acts doubly 
transitively on B' := B \ {b} . In addition, the G -modules Qb and Qb> are 
isomorphic. 

Example 5.6. Suppose that there exist a positive integer m > 2 and an odd 
power prime q such that n = and one may identify B with the (m — 1)- 

dimcnsional projective space P m_1 (F g ) over F q in such a way that G contains 
km(?) = PSL m (F«j). Then the G-module Qb is very simple. 

Indeed, in light of Remark l2.1f ii'). we may assume that G = h m (q); in particular 
G is a simple non-abelian group acting doubly transitively on B = P m_1 (F 9 ). 

Assume that (m, q) ^ (4, 3). It follows from a result of Guralnick that every 
nontrivial projective representation of G = L m (q) in characteristic 2 has dimension 
> dimF 2 (Q_B) (see ^3] Remark 4.4]). It follows from Example 12.31 that the G- 
module Qb is very simple. 

So, we may assume that m = 4, q = 3. We have n = #(-B) = 40 and 
dim F2 (Q B ) = 38. It is known that the G-module Qb is absolutely simple. 

According to the Atlas % pp. 68-69], G = L 4 (3) has two conjugacy classes of 
maximal subgroups of index 40. All other maximal subgroups have index greater 
than 40. Therefore all proper subgroups of G have index greater than 39 > 38 and 
therefore Qb is not induced from a representation of a proper subgroup. 

It follows from the Table on p. 165 of [§] that all absolutely irreducible repre- 
sentations of G in characteristic 2 have dimension which is not a strict divisor of 
38. Applying Corollary 14. 31 we conclude that Qb is very simple. 

Theorem 5.7. Suppose that n > 5 is an integer, B is a set consisting ofn elements. 
Suppose G C Perm(B) is one of the known doubly transitive permutation groups 
(listed in 14*] ). Then the G-module Qb is very simple if and only if one of the 
following conditions holds: 
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(i) G is isomorphic either to the full symmetric group SS n or to the alternating 
group A„; 

(ii) There exist a positive integer m > 2 and an odd power prime q such that 
n = q q Z\ an d one may identify B with the (m — 1)- dimensional projective 
space P TO (F g ) overF q in such a way that G contains L m (q) = PSL m (F g ); 

(iii) q = n — 1 is a power of 2 and one may identify B with the projective line 
P 1 (F g ) in such a way that G contains L2(F q ) = PSL^Fg); 

(iv) There exists a positive integer d > 2 such that q := 2 d ,n = q 3 + 1 and 
G contains a subgroup isomorphic to the projective special unitary group 

U 3 (<z)=PSU(3,F g2 ); 

(v) There exists a positive integer d > 2 such that q — 2 2d+1 , n = q 2 + 1 and G 
contains a subgroup isomorphic to the Suzuki group Sz(q); 

(vi) n = 11 and G is isomorphic either to £2(11) or to the Mathieu group Mn; 

(vii) n = 12 and G is isomorphic either to Mn or to the Mathieu group M12. 

Proof. The fact that all the G-modules Qb arised from 15. 711 )- (Vii ) are very simple 
was proven in 23 (cases (i), (iii), (v), (vi), (vii)), [TT?] (case (iv)) and in the present 
paper (Example 15.61 case (ii)). On the other hand, the paper 22 (complemented 
by [HI ) contains the list of doubly transitive G C Perm(_B) with absolutely simple 
Qb- In addition to the cases l5~7T iV(vii). the G- module Qb is absolutely simple 
only if one of the following conditions holds: 

(a) There exists an odd power prime q and a positive integer d such that n — q d 
and one may identify B with the afhne space F q in such a way that G is 
contained in ATL(d,F q ) and contains the group F^ of translations. Here 
ATL(d 7 F q ) is the group of permutations of F^ generated by the group 
AGL(d, F q ) of afhne transformations and the Frobenius automorphism; 

(b) There exists an odd power prime q such that n = q + 1 and one may 
identify B with the projective line P 1 (F 9 ) in such a way that G becomes 
a 3-transitive subgroup of PrL(2,F 9 ). Here PrL(2,F 9 ) is the group of 
permutations of P 1 (F g ) generated by PGL(2,F g ) and the Frobenius auto- 
morphism. 

In the case (a) the group F^ of translations is a proper normal abelian subgroup of 
G. It follows from Remark ^.lf vi) that Qb is not very simple. 

In the case (b) let us consider the intersection G' = G f] PSL(2, F q ). Clearly, 
G' is a normal subgroup of G. Since the PSL(2, F 9 )-module Qb is not absolutely 
simple 2J , the G'-module is also not absolutely simple. By Remark I2.1f vi1. G' 
acts on Qb by scalars. Since F2 = {1} and the G-module Qb is faithful, G' — 
{1}. Since PSL(2,F,j) is a subgroup of index 2 in PGL(2,F 9 ), the intersection 
H := GP|PGL(2,F g ) is either a normal subgroup of order 2 in G or trivial (one- 
element subgroup). In the latter case G is isomorphic to a subgroup of the cyclic 
quotient PrL(2, F 9 )/PGL(2, F q ) and therefore is commutative which contradicts 
the absolute simplicity of the G-module Qb- In the former case, H is an abelian 
normal subgroup of G and it follows from Remark I2.1f vi') that Qb is not very 
simple. □ 

6. Applications to hyperelliptic jacobians 

Throughout this section we assume that If is a field of prime characteristic p 
different from 2. We fix its algebraic closure K a and write Gal(K) for the absolute 
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Galois group Aut(K a / K). Let n > 5 be an integer. Let f{x) G K[x] be a poly- 
nomial of degree n without multiple roots. We write 91/ for the set of roots of /. 
Clearly, 91/ is a subset of K a consisting of n elements. Let Ki^fKf) C K a be the 
splitting field of /. Clearly, K(%if)/K is a Galois extension and we write Gal(/) for 
its Galois group Gal(K(d\f) / K). By definition, Gal(K(Ulf)/ K ) permutes elements 
of 91/; further we identify Gal(/) with the corresponding subgroup of Perm(91/). 

Remark 6.1. Clearly, Gal(/) is transitive if and only if the polynomial f(x) is 
irreducible. It is also clear that the following conditions are equivalent: 

(i) There exists a root a G K and an irreducible polynomial f\{x) G K[x] of 
degree n — 1 and without multiple roots such that 

f(x) = (x- a)fi(x); 

(ii) There exists a Gal(/)-invariant element a G 9t/ such that Gal(/) acts 
transitively on 91/ \ {a}. 

Let C/ be the hyperelliptic curve y 2 = f{x). Its genus g is if n is odd 
and 7J ^ L if n is even. Let J(Cf) be the jacobian of C/; it is a (/-dimensional 
abelian variety defined over K. Let J(C/)2 be the kernel of multiplication by 2 in 
J{Cf){K a ); it is 2g-dimensional F2-vector space provided with the natural action 

Gal(A') -► Autp 3 (J(C/) 2 ) 

of Gal(i^). It is well-known (see for instance that the homomorphism G&\(K) — > 
AutF 2 (J(C/)2) factors through the canonical surjection Gal(K) Gal(K(9if)/K) = 
Gal(/) and the Gal(/)-modules J(C)a and Q<n f are isomorphic. It follows easily 
that the Gal(iiT )-module J(C/)2 is very simple if and only if the Gal(/)-module Qy\ f 
is very simple. Combining Theorem 15 . 51 and Remark lfi.il we obtain the following 
statement. 

Theorem 6.2. Suppose the Gal(K) -module J(C/)2 is very simple. Then one of 
the following conditions holds: 

(i) The polynomial f[x) S K[x] is irreducible and its Galois group Gal(/) acts 
doubly transitively on 9\f ; 

(ii) n is even, there exists a root a G K of f and an irreducible polynomial 
fi(x) G K[x] of degree n — 1 and without multiple roots such that 

f(x) = (x- a)ft(x). 

In addition, the Galois group Gal^) of fi acts doubly transitively on d\f t = 

Remark 6.3. In the case l6.2f ii) the hyperelliptic curves C/ and Cf 1 : y 2 = fi(x) 
are birationally isomorphic over K. 
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